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SCHRODINGER UNCERTAINTY RELATION AND CONVEXITY
FOR THE '{ONOTONE PAIR SKE、 V INrORⅳ⊂ATION
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Abstract●  Furuichi and Yanagi shoㄳ /ed a SchrOdinger uncertainty relation fbr the

Wigner— Yhnase—Dyson skew infbrlnation, ㄲrhich is a specia1 ∏10notone pair skeㄳ / inforlnation.

In this paper, '〃 e give a SchrOdinger uncertainty relation based on a Inonotone pair ske、 λ/ infor—

Πlation, and extend the result of Furuichi and Y,nagi. Moreover, ㄳ/e shoㄳ / that so∏le Inonotone

pair skeㄳ/ inR)rlnation becoHles a Inetric a어 usted skeㄲ/ inR)rΠlation and therefore the convexity

0f it foⅡ 0'vs froln knoㄲ Γn re㏜그1ts.

1 ● Introduction. Wigner— Yanase skeㄳ/ inR⊃ rlnation

(1. 1) ˛ (A) :〓
 :™ ((ⅱρ

V2, A])2) 
〓 η (ρ A2) 一 η (ρ V2Aρν2A)

'자

/as denned in [14]. This quantity can be considered as a kind of the degree for non—

COI—rllnuatativity between a quantuln state (density Inatrix) ρ and an observable (self— a어 oint

operator) A. Here the coII1Π lutator is denned by [A, B] 〓 AB — BA. This quantity 、vas

generalized by Dyson as

(1.2) ˛ ,α (A) :〓 ;η ((' [ρ
α
, A])(I [ρ

1ㅡα
, A])) 〓 ㎔ (ρ A2) - η (ρ

α
Aρ

1-α A), α ∈ [0, 1],

and it is known as the Wigner— YΔnase— Dyson ske'자 T inforlnation. The relations bet、 T̃een ske、v

infOrnlation and uncertainty relation have been studied by Inany authors. See fbr exalnple the

references [2, 4, 12, 13, 15, 16].

Heisenberg ’s uncertainty relation fbr a density Inatrix ρ and any pair of observables A, B
is the fbllo、 ving inequality :

| 1.3) %⒜ ) %φ ) ≥ ; |η (ρμ, 거‖2.

% ⒜) ‰φ) - RePvp⒜ , 勾‖2 ≥ ; |㎔ (ρμ, 쬐】2.

Here the variance ν% (A) fbr ρ and an observable A is denned by 

”

% (A) 〓 Tr(ρA2) —

Tr l ρ 
∠4)) 으. The uncertainty relation is one of the most signincant consequences of non—

ε onlnlutati、 γity in quantuln Inechanics and is a key point in '쟈 Ihich quantuΠ1 probability differs

∶
-rQ∏

1 classical probat}ility. The further strong relation ㄲ/as given by SchrOdinger:
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Reca11 that the covariance Covp (A, B) for ρ and tㄲΓ0 observables A and B is given by

Covp (A, B) 〓 Tr(pAB) ㅡ Tr(ρ A)TI(ρ B)  ̊As a generalized version, Furuichi gave the

SchrOdinger uncertainty relation for ∏lixed states in [2] :

υρ ㎀)Uρ

‘

勻 
一 Reκ oΠρ⒜, ↔‖2 ≥ ; |η⒥μ, 瑚2

wheκ Uρ
 ⑷ ㅕ ν¿ ⑷2 - (˛

% 乙b - η ⅲ∴ The ㅃdⅲ㎝ ⑿mκ k ㎗㎙㏅ ㏉

(1.6) Corrp (A, B) 〓 Tr(ρ A* B) ㅡ Tr(ρ 1/2A*ρ 1/2B)

fbr any operators A, B. Since l工 II1{Corrp (A, B) ‖
2 

〓 ¼ |Tr(ρ  [A, B]】
2 for the observables A

and B, the inequality (1. 5) is equivalent to the inequality

Uρ (A) Uρ
(B) ::::: ICorrp(A, B) |2 .

(1.5)

(1.7)

In [6], Furuichi and Y:Δ nagi recently gave a generalization of the SchrOdinger— type uncertainty

relation: fbr α ∈ [1 /2, 1], any density Inatrix ρ and observΔ bles A, B,

(1. 8)

where υρ,α (A) :〓

is given by

υρ,α (A) Uρ ,α (B) ≥ 4α (1 ㅡ α) ICorrp,α (A, B】
2 ,

ν% (A)2 ㅡ (ν
b (A) 

一 Iρ
,α (A))2 and the generalized correlation Ineasure

(1.9) Corrp,α  (A, B) = Tr(ρ A*B) 一 Tr(ρα
A*ρ

1一 α B) .

The inequalities are rennel— lilents of Heisenberg’ s uncertainty relation (1.3) because 0 ≤

Iρ
,α (A) ≤ Uρ ,α (A) ≤ ν¿(A).

In [3], for a Inonotone pair (∫ , θ) of operator Inonotone fUnctions, Furuichi introduced
the (∫, θ) -skeㄲ

Γ infor∏ lation by

(1. 10)

〓 Tr(∫
 (ρ ) Ω(ρ ) A2) 

一 Tr(∫
 (ρ ) Aθ (ρ ) A) .

For ∫(χ ) 〓 χα and θ(χ ) 〓 χ1ㅡα(0 < α < 1), I¿ ,(∫,g) (A) reduces to I¿ ,α (A). In [10], R)r

a11 n10notone pair (∫ θ) of operator Inonotone functions, 'vhich are co∏ 1patible in logarith∏ lic

increase (CLI Inonotone pair, in short), the present authors extended YΔ nagi’
 s uncertainty

relation in [15]. The purpose of this paper is to obtain a Schrδ dinger— type uncertainty relation

based on the CL工  Π10notone pair skew infOr∏lation satisfying the condition (2. 1 1)˚  Wo wi11

see that in special cases this result reduces to (1.7) and (1. 8).

Next ㄲ/e discuss the convexity for the Iylonotone pair skew inforlnation. The convexity

of the skew inR}rlnation Ineans that the inR)rlnation content sho111d decrease ㄲrhen two states

are Inixed. The convexity of the Wigner— Y:Δnase skew infbrlnation I¿  was proved by Wigner

and YΔnanse [14], and the convexity of the Wigner— Y:anase— Dyson skeㄲT inforlnation Iρ
,α

’
α ∈ (0, 1), ㄲ/as re∏larkably established by Lieb [1 1]. Wㅇ  study the convexity of the n10no—

tone pair skew infbrIIlation in order to see that it is really a physically I— rleaningfUl inforlnation

√̨,ω (A) :〓
 :η ((' [∫ (ρ ), A])('[θ (ρ ), A]))
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∏leasure˚ By using the 'κorozova— Chentsov fUnction, Hansen gave the notion of ∏letric ad—

justed skew inforlnation on the state space of a quantuⅡ1 systeⅡ l and shoㄲ red the convexity

for the Inetric a어 usted skew inf“⊃rlnation [9]. The Wigner— Y:Δnase— Dyson skew infOrlnation

turns out to be a Ⅱletric a어 usted skew infbrlnation as a special case. See [1, 6, 8, 16]. w˚

cannot shoㄳ/ the convexity of the Inonotone pair skeㄲ T inR)r∏lation in genera1. However, in—

、’estigating the relations between the Inonotone pair skeㄲ Γ infbrl—nation and the Inetric a어 usted

ske"Γ  inforl—lilation, ㄳ/e can show the convexity of the Inonotone pair skew infbr∏ lation in solne

cases ˚

This paper is organized as fblloㄳ /s: 工n Section 2, we brie且 y review solne uncertainty

relations and state the I— rlain result (Theoren1 2. 3). Then we give solne exalnples showing that

it extends the previous results  ̊工n Section 3, we shoㄲ / that the H10notone pair skew infbrΠ lation

becoInes the Πletric a어 usted skew inR)rnlation in some cases. Section 4 is devoted to the proof

of Theore∏1 2. 3 ˚

2. Trace inequalities and Inain result˚  In this section we briefly revie、 、/ the uncer—

tainty relation R⊃ r skeㄲΓ infbrlnations and state the Inain result.

Let M½  (resp. M¼ ,Ξα) be the set of a11 η × η colnplex Inatrices (resp˚  a11 η × η self二 a어 oint

Inatrices)  ̊Let Oη be the set of strictly positive elelnents of ν¼ and υ¼ ⊂ Oκ  the set of strictly

positive density Πlatrices, that is,

D, 〓 {ρ ∈ M¼ ; Tr(ρ ) 〓 1, ρ > 0}.
Let ρ ∈ υ¼ be a nxed density Inatrix˚ For any A ∈ ν ,z,δα, denne A0 :〓 A — Tr(ρ A)I,

where I ∈ M¼ is the identity Πlatrix. The variance ν% (A) f“ }r ρ and A is denned by ν% (A) 〓
Tr(ρ A2) - (Tr(ρ A))2 〓 Tr(ρ A⅜ ).

For 0 ≤ α ≤ 1, we introduce the Wigner— Y:쇼nase— Dyson skew inf“}r∏lation I¿
.α (A) and

soIyle other quantities :

(2˚ 1)

(2.2)

,̨α (A) :〓
 ;η ((' [ρ

α
, A0])(' [ρ

1-α
, A0]))

〓 Tr(ρ A⅜ ) - Tr(ρ
α Aop1 ㅡα A0) ,

,̨α (A) :〓
 ;㎔ ({ρ

α
, A0}{ρ

1一α
, A0})

= Tr(ρ A⅜ ) + Tr(ρ
α Aop1 -α A0) ,

υ¿,α (A) :〓 ν% (A)2 - (ν%(A) - I¿ ,α (A))2

므.3) 〓 √ττπ丁ττ了巧 ˚
H:근 re. {A. B} 〓 AB + BA is the anti— colnlnutator. 工n [15], using the quantity υ¿,α , YΔnagi

Ξ 

그
',˙

ㄹ the generalized uncertainty relation of Heisenberg— type :

νρ,α (A)νρ,α (B) ≥ α(1 - α) |Tr(ρ [A, B]) |2 .

notes that in the special case of α 〓 1/2, it was shown by Luo [12]. The

renne∏lent of Heisenberg’ s uncertainty relation (1 3̊) in the sense of 0 ≤
' A I ≤ 1γI,(A)˚

k
 
그 

——

0
 
,
 

—'
)

inequality

I¿
,α  (A) :::::::
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On the other hand, Furuichi and YΔnagi gave a SchrOdinger— type uncertainty relation1}y

using the coΠ elation measure and U¿ ,α
: for α ∈ [1 /2, 1], ρ ∈ D½ and A, B ∈ π

"¼

,Ξα’

(2. 5) Uρ
,α (A) Yρ ,α (B) ≥ 4α (1 一 α) 1COfrp,α (A, B) |2

工n the case of α 〓 1 /2, the inequality (2.5) reduces to the result (1.7) of Furuichi [2], and thus

(2 ● 5) is a rennel— Ilent of SchrOdinger uncertainty relation.

Tb give the fUrther generalized trace inequality, Furuichi [3] introduced the (∫ , Ω) -skew

infbrΠlation associated to operator Inonotone fUnctions ∫ and Ω. 工n [10], connning to the

Inonotone pair (∫  Ω), which are colnpatible in logarithlnic increase, we have generalized
the uncertainty relation (see (2. 10) beloㄲ /). The purpose here is to get a SchrOdinger—type

uncertainty relation R⊃ r the Inonotone pair skew infbrl— Iilation˚

Let us reca11 the CL工  Inonotone pair (Λ  θ) -skeㄲ
Γ infor∏ lation floln [10].

DEFINITION 2. 1 . Let ∫ (χ ) and Ω (χ ) be nonnegative operator I— Ii10notone fUnctions de—

nned on the interva1 [0, 1]. Wㅇ  ca11 the pair (∫  Ω) a conlpatible in log— increase, Inonotone

pair (CL工  Inonotone pair, in short) if

(a) (∫ (χ ) 
一 ∫(ν ))(θ (χ ) - θ(ν )) ≥ 0for a11 χ, ν ∈ [0, 1],

(b) ∫ (χ ) and Ω (χ ) are difforentiable on (0, 1) and

0 < 0=읖드1 듀⅜ 
≤ 0꾜¾1 욤뿜 < 

ㅇo,

where Γ(χ ) 〓 log ∫(χ ) and G (χ ) 〓 log Ω(χ ).

Notice that tㄲ /o increasing or decreasing functions ∫ (χ ) and Ω (χ ) on (0, 1) satisfy the

condition (a) in Dennition 2. 1. It can be easily shown that the pair ∫ (χ ) 〓 χα and θ(χ ) =

χ1一α
, 0 < α < 1, is a CLI ∏10notone pair.

For each CL工  Inonotone pair (∫ Ω) 、ve denne the (∫ , θ)-skeㄲΓ inforlnation Iρ
, (∫, g) and

other quantities.

DEFINITION 2.2. Let ρ ∈ D¼ and (∫ , θ) be a CL工  ∏10notone pair. For A, B ∈ π

"κ

,δα
’

we denne

Iρ
, (∫, g) (A) :〓(2. 6)

(2. 7)

(2. 8)

I¿
, (∫, g) (A) :〓
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㎚

⋯

咐
⋯

咐
U¿

, ('η θ) (A) : 〓 I˛
, (∫  θ) (A) I¿ , (∫ , θ) (A)

By the condition (a) in Dennition 2. 1, I¿ , (∫ ,θ) (A) ≥ 0 for A
see (4● 3) below). It holds that fbr ∫(χ ) 〓 χ

α and 
θ(χ ) 〓 χ

1一α
,

∈ M¼
,Ξα (for the proof,

0 < α < 1, I¿ ,(∫,θ) 〓
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I¿
,α , I¿ , (∫ ,Ω ) 〓 I¿

,α and υρ, (∫ ,Ω ) 〓 υρ,α
. For each CLI ∏10notone pair (∫  Ω) we let

e.” β㏆̈〓 ⅲㅓ τ글¾T’
 τ뿍η i ,

where ηz 〓 infb<χ  < 1 G/(χ )/Γ
/(χ

) and 凡I 〓 supo<χ
 < 1 G/ (χ )/Γ

/(χ
). In [10], we have gener—

alized the uncertainty relation (2.4) as f˚ 1lo'vs :

(2. 10)νρ, (∫ ,θ ) (A) νρ,(∫,θ) (B) ≥ β(∫ ,θ‖Tr(∫ (ρ )Ω (ρ ) [A, B]) |2 , A, B ∈ ν¼,δα ˚

In order to get a SchrOdinger—type uncertainty relation, ㄳΓe also introduce the (∫ Ω) 
—

correlation Ineasure Corrp, (∫
, θ) (A, B) by

Corrp, (∫
, θ) (A, B) :〓

 Tr(∫ (ρ )θ (ρ )A* B) - Tr(∫  (ρ )A* Ω (ρ ) B)

for any A, B ∈ M¼  ̊Note that I¿
,(∫,θ) (A) 〓 Corrp,(∫

,θ ) (A, A) and Corrp,(∫ ,Ω ) (A, B) =
Corrp,(∫

,θ ) (A0, B0) for A, B ∈ π

"¼

,sα ·
NoㄲT ㄲTe state our Inain result. This is a generalization of the inequality (2. 5) (see Re∏ lark

2.4 below).

THEORE'4 2  ̊3  ̊ ιe' (Λ  Ω) υe α εI,I 羽oη o'oκ e ρα

'T 

δα

''{I’ 'η

g

(2. 11)Ω (χ ), ∫ (χ )/θ (χ ) α
'ℓ

 'ηεyeαδIηg oη (0, 1) .

Iby αην ρ ∈ D¼ , '力 e /bIIoννIηg 'η eeνα
''η

(2. 12)ν ρ, (∫ ,θ ) (A) Uρ , (∫ ,θ ) (B) ≥ 4β (Λ θ‖Corrp, (∫
.θ ) (A, B) |2 , A, B ∈ π

"¼

,Ξα

力oIυδ.

The proof of this theoreln is given in Section 4. BeR⊃ re going on, we consider solne

exalnples.

REMARK 2.4. (a) Let ∫(χ ) 〓 χα and θ(χ ) 〓 χγ, 0 < γ ≤ α < l on [0, 1]. The
pair (∫, θ) is a CL工  monotone pair satisfying (2˚  1 1) and β(∫

, θ) 〓 α γ / (α + γ)2. In particular,

if γ 〓 1 - α (1/2 ≤ α < 1), then β(∫ g) 〓 α(1 - α) and the relation (2. 12) reduces to (2.5)

(Furuichi and Y쇼 nagi’
 s result of [6]).

(b) Let ∫(χ ) 〓 Ω(χ ) 〓 (χα + χ1ㅡα
)/2, α ∈ (0, 1) on [0, 1]. The pair (Λ  θ) is aCLI

Inonotone pair satisfying (2˚  1 1) and β(∫
, θ) 〓 1 /4.

(c) Let ∫(χ ) 〓 (丁
≒ )α

 and 
Ω(χ ) 〓 (1육 )γ , 0 < γ ≤ α < l on [0, 1]. Then ∫ and θ

are operator Π10notone fUnctions (see [5]). The pair (Λ  θ) is a CLI Inonotone pair satisfying
(2. 11) and β(∫,θ ) 〓 αγ/(α + γ)2.

In the folloㄳ /ing renlark, ㄳ/e shoㄲΓ that the two uncertainty relations (2  ̊10) and (2. 12) are

not colnpatible.

REMARK 2. 5. Notice that there is no general ordering between I Tr(∫
 (ρ ) θ (ρ ) [A, B]) | 2

:n I 그. 10) and 쉬Corrp,(∫
,θ) (A, B) ㅣ

2 in (2˚
 12). Wδ take ∫(χ ) 〓 Ω(χ ) 〓 √{τ

,

ρ=(흥 !), A〓 (: :), B〓 (: :)·
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(3. 1)
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3. Monotone pair skeㄲ T infor∏lations and ∏letric a미usted skew ⅱnfor∏lations. In

this section, ㄲTe investigate the relation betㄲreen a ∏10notone pair skeㄳ / infbrlnation and a

metric a(:1!:iusted skew information. Our aim is to show that some of monotone pair skew

infor∏lations can be shown as IIletric a어 usted skeㄳΓ inforΠlations. Since a Inetric a어 usted

skew infor∏ lation is convex ㄳ/ith respect to the density l— rlatrix, we then shoㄳ Γ the convexity of

the Inonotone pair skcw inforlnation Iρ , (∫, g) (A) for ρ in soIIle cases.

™ㅇ introduce the notion of quantuln Fisher infornlation (see [8] and reforences therein) 
˚

We denote by :Top the set of functions 力 : (0, oo) 一〉 (0, ⊂κ)) such that

(i) 力 is operator Inonotone, i˚ e., 力 (A) ≥ 力 (B) holds for any A ≥

(ii) 力(χ ) 〓 χ力(χ
-1) for a11 χ > 0,

(iii) 力(1) = 1.

Wㅇ have the following exalnples as elenlents of 'ι p (see [7, 8]) :

χ ㅡ 1

力BKM(χ ) 〓 ττΞT’

B ≥ 0on M¼ ,

(χ - 1)2
α ∈ (0, 1)

(χ
α 一 1)(χ 1ㅡα 一 1)

For 力 ∈ 'ιp’ we denne 力(0) = lin1χ →0 力(χ ). Wㅇ say that 力 is regular if 力(0) > 0 and

non—regular if 力 (0) 〓 0˚ AInong the above exalnples, 力 wyD, 力 ν̨y, and 力stD are regular and

⅞ RtD and 力 BK 凡ι are non— regular.

The Morozova— Chentsov function ε associated ㄲrith 力 ∈ Iιρ is given by

1 + χ2χ

, 力sto(χ ) = 一2 ’
九RtD (χ ) 〓

χ + 1

九wy(χ ) 〓 (1 + 
—三

)2, 
力wyD(χ ) = αα

, 2
α)

ε(χ ,ν ) = ∏슈巧 χ,ν > 0.

工n [9], for a Morozova— Chentsov fUnction ε associated ㄳ/ith a regular ∏10notone function 力,

the corresponding Inetric a어 usted skeㄲΓ inforIIlation is deΠ ned by

(3  ̊2) I;(A) := 
쐼 꾸

η ('[ρ , A]ε (ι ρ, Rρ )'[ρ , A]), A ∈ M¼ ,M’

where ιρ and Rρ  are respectively the left and right Inultiplication operators by 
ρ: ιρ (A) =

ρA and Rρ  (A) 〓 Aρ , and they are positive dennite and Inutually com∏
luting˚ The Wigner—

Y:Δnase skew infOrlnation Iρ  is the Inetric a어
usted skeⅵ I infbrlnation associated with 力 τνy

and the Wigner— YΔnase— Dyson skew infbrlnation Iρ ,α is the Inetric a어
usted skew inforlnation

associated with 'ι  

”

ν yo  ̊The folloㄲ/ing result 、、/as sho、 、/n by Hansen.
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THEOREM 3  ̊1 . ([9, Theoreln 3.7]) ιe" ε ¿e α "fυyozoν α- ε力eη

"δ

oν I功ηει

'oη

 αδδoε

'α

∫eυ

wJ'力 α yegπ Iα y ηzoηo'oηι/功κε
''oη

 力̊ Iby ℓαε力 A ∈ M¼
, δα '力 e ㎍e"y'ε  α

"π

δ
'e〃

 δλew 'ηIby'ηα∫

'oκI½
 (A) J<万

ηe〃 'κ (3.2) 'δ α εoηναχI功ηε
''oη

 φI ρ.

Cai and Hansen [1] introduced a Inetric a어 usted skew infOrlnation associated ㄲ/ith a

non—regular Inonotone Inetric by setting

(3.3)I’ (A) := Tr(' [ρ , A]ε (ι ρ, Rρ )' [ρ , A]) , A ∈ M¼ ,δα·

This type of Inetric a(ljusted ske'ㅈ / infbrlnation is unbounded and can no longer be extended

fro∏1 the state Inanifbld to the state space. The R}1lowing 、vas proven by Cai and Hansen.

THEOREM 3. 2˚ ([1, Theoreln 5˚ 1]) 코Le' 力 υe α ηoη -yℓgπ

'α

y/功ηε
''oη

 'κ ιπ:;ρ M/,''力
 εoy‥

yℓ ρ̊oηJ'κg )ιυyozoνα-ε力eη

'δ

oν /功κε∫

'oκ

 ε. Iby eαε力 A ∈ M½
,Ξα "力 e ηze'y'ε  α

"π

δ
'ℓ

υ Ξλew

''qI¾’

y'ηα∫

'oη

 I½ (A) "万ηℓJ Iκ (3. 3) 'δ α εoηναχ/功κε
"'oη

 eIp.

Wo would like to nnd the relation betㄳ /een the (∫ Ω) -skeㄳ / inf“)rlnation and the Inetric

a어 usted skew infbrlnation˚  Consider the inner product (·
’
·) on M¼ × M¼ given by (A, B) 〓

Tr(A* B), A, B ∈ Λ

"¼

. For a CL工 Inonotone pair (∫ , Ω), the (∫ θ)-skew infOrmation in (4.3)

can be expressed as

I¿
, (∫ θ) (A) 〓

(3.4)

)
 

⑷
 ㎴㈏ 

"
㎻

1
 
-
 
2
 
1
 

—
 
2
 
1
 
-
 
2
 
1
 
-
 
2
 
1
 
_
 
2

〓 ;η ('[ρ , A]ε (ιρ, Rρ )('[ρ , A]))

、자There

(3.5)

NoㄲT ㄳ/e 、vant

3.6)力 (χ )'-l) =

ε(χ , ν) 〓

to nnd, if possible, a fUnction ''

(∫ (χ ) - ∫(ν )) (θ (χ ) - θ(ν ))

(χ - ν)2

∈ 'ιρ satisfying

ν(χ /ν - 1)21

νε(χ , ν)∫ (ν )θ (ν ) (∫  (χ )/∫ (ν ) - 1) (θ (χ )/θ (ν ) - 1)

In the fbllo'ving ㄳ/e consider sonle exalnples 、̃rhere the I— li10notone pair (Λ  θ) is related
::● 그 士:unction 力 ∈ 'ιρ by the relation (3.6). In these cases therefbre, by Theoreln 3. l and
Thㄹ orem 3. 2, the corresponding (∫  Ω) -skew inforlnation I¿ , (Λ g) is convex in state variables
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EXA、⊂PLE 3. 3  ̊ 工f ∫ and Ω satisfy the conditions

∫(ν )Ω (ν ) 〓 ν 弁욹 
〓 I1(η-1), 

弁욹 
〓 '2(η一1)

fOr solne functions I1, I2, then it is not hard to see that ∫(χ ) 〓 αχ
α and 

θ(χ ) 〓 α
ㅡ1χ

 1-α

< α < 1. In this case, the (∫ , θ)-skeㄳ/ infbr∏lation is the Wigner—fbr so∏le α > 0 and 0

Y:Δnase— Dyson skew inforΠlation and equals the ∏letric a어 usted skew inR⊃ rlnation related to

㎙ κgⅵ缸 mon∝one ㎙nction 力wyD ⒭ 〓 αα 
一 ω τㅙ#巧」ndeeα by ⑿ and ⒁

ㄲ/e have

Iρ
,(∫ g) (A) 〓 :η (' [∫ (ρ ), A]' [Ω (ρ ), A])

〓 꼬끙
쁘η(' [ρ , A]ε (ιρ, Rρ )(' [ρ , A])),

wh㏄  ε(χ , ν) 〓 
헒

×χ1-α一
}'1ㅡ

α
)

一α) (χ 
ㅡν)2 ·

For 1 < α and e-α < λ < 1, let λI ≤ ρ ∈ D¼ and ∫(χ) = α + logχEXA、{PLE 3 4̊.

and Ω(χ ) 〓 2χ on [λ , 1]. The functions ∫ and Ω satisfy conditions in Dennition 2˚  l and

(2. 11). The (∫ , Ω) -skew infOrnlation equals the Inetric a어 usted skew infornlation I’  for the

Morozova— Chentsov function ε related to the non— regular Ⅱ10notone function 力 BK)ι (χ ) =

(χ ㅡ 1)/ log χ. Indeed, by (3.3) and (3.4) ㄲΓe have

Iρ
, (∫  θ) (A)

where ε(χ , ν) 〓 (log χ 一 1og ν)/(χ 一 ν) ˚

EXAMPLE 3.5˚ For0 < 3/2α  < λ < 1, let λI ≤ ρ ∈ υ¼ and ∫(χ ) 〓 χ2 and θ(χ ) 〓

α ㅡ 1 /χ  0n [λ , 1]. The functions ∫ and θ satisfy conditions in Dennition 2. l and (2˚  11). The

(∫, θ) -skew infornlation equals the Inetric a어 usted skew infornlation I¾  for the 'κ
orozova—

Chentsov fUnction ε related to the non— regular Inonotone fUnction 力 Rι  D (χ ) 〓 2χ / (χ + 1).

Indeed, by (3. 3) and (3 4̊) ㄲTe have

I:9, (Λ
 θ) (A)

where ε(χ , ν) 〓 (χ + ν)/2χ )’
.

4● Proof of Theore∏ 1 2.3. In this section we give a proof of Theoreln 2.3. Wo adopt

a siIIlilar Inethod used in [10].

Let ρ 〓 ΣI 
λ

' |Φ

I) (Φ I I ∈ D¼ , 0 < λ1 ≤  ̊●·≤ λη ≤ 1, where {Φ I}’

ιㅗl is an orthonorlna1
set in ε

η and Tr(ρ
) 〓 Σ I 

λI 〓 1. Let (∫  Ω) be a CLI Inonotone pair satisfying (2. 11)˚  By a

＼

.
/
 
A

A
 

ρ

ω
 
沌

㎄

 ̨
시
 
‰

ω
 
k

Δ

 
’A

H
」
 

ρ

1
ㅖ2
ⅲ

뱃

〓
 

〓

,
/
 
A

시

 
ρ,

ω

 
沌

㎄
 ̨

시
 
‰

ω
 
k

Δ

 
’A

:
η

 
ρ

1
ㅖ2
따

〓
 

〓
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silnple calculation, we have

Tr(∫ (ρ ) Ω (ρ ) AoB0) = Σ  ∫ (λ I) Ω (λ I) (AoΦ I, BoΦ I)

I

〓 ∑ ∫ (λ I) Ω(λI) (Φ㎍, BoΦ I) (AoΦ I, Φ羽)

“
.υ 〓 壬 (Δ

λιMλ
')η
羽¿㎕ + Δλ羽ㅉλ羽)蛔υ㏐)

+ ∑ ∫ (λ I) Ω (λ
')α

II ¿II

I

and

Tr(∫ (ρ ) Aoθ (ρ ) B0) 〓 
∑  ∫ (λI) θ (λ 羽) (Φ羽, BoΦ I) (AoΦ I, Φ羽)

I, '''νz

(4.2)〓  
∑  (∫  (λI) Ω (λ ㎍)α I羽 

¿羽I + ∫ (λ羽) Ω (λI)α羽I υI羽 )

I <Iη

+ ∑ ∫ (λI) Ω (λI)α IIυ II

I

for any A, B ∈ M¼
,δα, where α羽I 〓 (Φ羽, AoΦI) and ¿羽I 〓 (Φ羽, BoΦι)  ̊Fro∏1 (4. 1) and (4.2)

ㄳTc get

(4.3)Γρ, (∫ , θ) (A) 〓 Tr(∫
 (ρ ) θ (ρ ) A⅞ ) - Tr(∫  (ρ ) Aoθ (ρ ) A0)

〓 
Σ  (∫

(λ羽) 
一 

∫(λ I)) (θ (λ羽) 
ㅡ 

θ(λ I)】 α羽I I2 ,

I <η z

(4.4)I¿
, (∫ , θ) (A) 〓 Tr(∫

 (ρ ) θ (ρ ) A⅜ ) + Tr(∫  (ρ ) AoΩ (ρ ) A0)

≥ Σ (∫  (λ羽) + ∫(λ

')) (Ω

(λ羽) + θ(λI)】α㎍I I2 ,

I <'η

and

Corrp, (∫
, θ) (A, B) = Corrp, (∫  θ) (A0, B0)

(4.5)〓  Tr(∫
 (ρ ) Ω (ρ ) AoB0) - Tr(∫  (ρ ) AoΩ (ρ ) B0)

〓 ∑ ∫ (λ羽) (Ω
(λ羽) - Ω(λI))α㎍IυI㎍ ·

I #羽

丁b prove Theoreln 2. 3, ㄲ/e use the R}1loㄳ /ing loㄲ /er bound of a function colning froln a CL工

Inonotone pair (∫  Ω) :

(4.6)χ
,∫읕格 1] 

ι(χ , ν) ≥ 4β (∫ g) ’
u here ι ←, ν) 〓 and β(∫ θ) is denned in (2.9)˚  See the proof of

Proposition 3. l in [10] ˚

115



116 C. K. KO AND H. J. YOO

PROOF OF THEOREM 2. 3  ̊By (2˚ 11) and (4.5), 、ve have

ㅣCorrp, (∫,g) (A, B) ㅣ ≤ ∑  (∫ (λ㎍) + ∫ (λ I)) (θ
(λ羽) 

ㅡ g(λ
I)】 αIΠ Ⅱ抄I㎈

I <η z

≤  
∑  (∫

 (λ羽 ) Ω  (λ沕 ) 
一  

∫  (λ I) θ
(λ I)】 α I羽  ‖ υ I羽 ㅣ

I <η z

for any A, B ∈ "ικ,δα. It follows floln (4˚ 6) that

Ψσ,ωκ㎝ρ,(,∫,ω⒜, 쏴|2 ≤ Ψσ,ω (呂
 
ν0珝

”
0珝 ) 
一 Δλ

'”
。

')

≤ (呂
 I(/α

㎍Y ㅡ ∫㏉巧ωα羽Y ㅡ Ω㏉巧 l,r㎍ 勿羽

'f
By Schwarz inequality, we have

4β (Jβ ,g) ICoΠ ρ,(∫ ,θ ) (A, B) |2 ≤ ∑  (∫
(λ㎍) 

一 
∫(λ I)) (θ (λ㎍) 

一 
θ(λ I)) |α羽

' l2

＼
,
,
/

㎍
υ

π
α

(4. 7)

I < ,,I

× ∑ (∫ (λ㎍) + ∫ (λ

')) (θ

(λ羽) + Ω(λ I)) ㅣυIH I2

≤ Iρ , (∫, g) (A) I¿ , (∫ , g) (B)

and siΠlilarly

4β (∫, g"Corrp, (∫, g) (A, B) |2 ≤ Iρ , (∫, g) (B) I¿ , (∫ , θ) (A)

Hence by Inultiplying the above tㄲ
/o inequalities, ㄲIe have

4β (Jβ
, θㅟ COffp. (∫ , g) (A, B) ㅣ

2 
≤ Uρ , (∫ , θ) (A) Uρ , (∫ , g) (B)
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